Abstract-The in-line holography has obvious advantages especially in wider spatial bandwidth over the off-axis holography. However, a direct current (DC)-noise and an unwanted twin image should be separated or eliminated for a high quality reconstruction. Therefore, we introduce an effective Laplace operation-based numerical approach for DC-noise reduction in the in-line holography. The DC-noise in a holographic fringe pattern can be efficiently reduced by applying a second derivative operation while maintaining the two real and twin terms. For the performance evaluation, the proposed method is compared with the existing approaches, including the intensity average subtraction and frequency-domain filtering, which are generally used for the numerical holographic reconstruction. Experimental results show that the proposed method is numerically appropriate, and provides the high quality reconstruction for a digital holography. Therefore, we believe that the proposed scheme can be a useful tool for high quality reconstruction in the in-line holography.
I. INTRODUCTION
T HE digital holography has been such a great issue in these days because it can provide a three dimensional information corresponding to a real object [1] , [2] . There is a practical subject coming from the optical configurations for off-axis and in-line holographies. The off-axis holography gives a better reconstruction with negligible noise than the inline holography. However, the available bandwidth of off-axis holography is restricted by the tilted reference wave [3] , [4] . On the other hand, the in-line holography has obvious advantages in holographic reconstruction. One of the advantages is wider spatial bandwidth than that of the off-axis holography. However, its applicability is decreased due to the unwanted components during the reconstruction step. Therefore, it is still an open problem in in-line holography for a better numerical reconstruction. The typical unwanted components are twin image (conjugate image) and direct-current (DC) noise. The unwanted twin image and the noise in the numerical reconstruction of a holographic fringe pattern should be removed for high quality reconstruction and its applications [3] , [4] . In this work, the DC-noise reduction methods [4] - [6] generally used in the digital holography are first described in Section II, and then the proposed DC-noise reduction scheme is numerically explained in Section III followed by experimental result comparisons with state-of-arts in Section IV. Finally, Section V summarizes the algorithm and concludes with some discussions.
II. CONVENTIONAL DC-NOISE REDUCTION
Two conventional DC-noise reduction methods are described here. An object and reference waves in the digital holography are mathematically defined, respectively, as
where E O is an object wave with amplitude a O and phase ϕ O . Similarly, E R is a reference wave with amplitude a R and phase ϕ R . A holographic fringe pattern, which is the interference pattern between the object and reference wave, is obtained by the intensity of interference [3] as
where a symbol * denotes the complex conjugate, and the first two terms, which are the intensity of the object and reference waves, respectively, contribute to a DC-noise. A simple and conventional approach to suppress the DCnoise can be realized by lowering the DC-bias of the fringe pattern [4] , [5] as
where I indicates a resultant fringe pattern in which the DCnoise is decreased, and N is the total number of elements in a given fringe pattern I . Another method to reduce the DC-noise [6] is conducted in the compressed domain. A high-pass filter H (·) is applied to the fringe pattern, and the overall procedure can be expressed by
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where D O and D(υ, ν) denote the cutoff frequency and the distance between an origin (0, 0) and a point (υ, ν) in the frequency coordinates, respectively. It is noted that the performance of the filter depends on the cutoff frequency D O , and the reconstructed image can be degraded when the cutoff frequency does not properly correspond to the range of DC-noise.
III. DC-TERM ANALYSIS AND DC-NOISE REDUCTION BASED ON LAPLACE OPERATION
DC-noise suppression method is proposed after we simply analyze a DC-term in Eq. (2). As mentioned above, DC-noise in holographic fringe pattern is caused by the intensity of object and reference waves. In high-pass filter method, the low-frequency region is filtered out to suppress the DC-noise. It indicates that DC-noise exists in nonzero frequency region. To analyze the distribution of DC-noise, an 1D exponential function is employed and its DC-term is obtained by multiplying with a complex conjugate as
Next, in order to observe the frequency characteristics, the amplitude a(t) and frequency ψ(t) of the exponential function are set to 1 and 2π × 200, respectively. The exponential function E 1D (t) and its squared term (DC-term) E 1D (t)E * 1D (t) are converted to the frequency domain by using the Fourier transform. The exponential function has the ideal impulse at the frequency of the signal and a practical peak appears at 200H z due to the given frequency as shown in Fig. 1(a) . However, it is a non-ideal impulse and the frequency distribution of exponential function has a nonzero frequency region around the peak frequency of the signal. In the simple case of DC-term, a peak is occurred at zero frequency because the phase term of the exponential function is removed by multiplying complex conjugate as shown in Fig. 1(b) . Numerical DC-term should exist only at zero frequency. However, the practical DC-term contains nonzero frequency, and it is gradually decreased as it goes away from the origin. In order to reflect the above observation and to suppress DC-noise in the interference pattern, the amplitude of DC-term |a(t)| 2 should be removed or suppressed. Therefore, we propose a simple DC-noise reduction scheme along with a numerical proof. The proposed method is designed to numerically reduce the DC-noise in a holographic fringe pattern with maintaining the image terms by removing the amplitude of DC-noise using a property of the Laplace operator. It is worth noting that this is a typical issue to suppress the unwanted components for a high quality numerical reconstruction. In Eq. (2), the DC-noise caused by the two terms |a R (x, y)| 2 and |a O (x, y)| 2 are undiffracted components coming from the interference between an object and a reference waves. In this letter, the intensity distribution of reference and object waves is assumed as a slowly varying signal in coordinate (x, y) as
where four independent variables α x , α y , α xy , and α c represent variational coefficients of reference wave, respectively. Similarly, four variables β x , β y , β xy , and β c are those of object wave. In order to suppress the DC-noise, the Laplace operator
can be employed as
Then, the first and second terms causing DC-noise are clearly removed by the Laplace operation because the second derivatives of the slow-varying intensity value at arbitrary point (x, y) is zero. The last two terms contributing to the real and the virtual images remain as
The exponential function for the object and reference waves can be rewritten into the form of a sinusoidal function using Euler's relation [7] as
And, the sinusoidal functions are simplified again as
The second order partial derivative is applied to the sinusoidal function as
Where, the weighting terms consisting of wave frequencies for object and reference waves are computed by
Finally, the sinusoidal function of real and twin image terms are expressed as the weighted real and twin image terms as
It says that the undiffracted components can be effectively suppressed by using the Laplace operation even though the amplitudes of real and twin image terms are weighted with the value w. It is worth noting that the Laplace output in Eq. (14) has the same form as the original in Eq. (2) . Therefore, the DC-noise term in the fringe pattern can be effectively removed while maintaining the original shape of real and twin image terms with the gain. In particular, the contrast of object and twin image is increased by the weight factor in Eq. (13) which is the squared of the frequencies. 
IV. EXPERIMENTAL RESULT
For the performance evaluation, the proposed approach is compared with the previous methods: the mean subtraction [4] and high-pass filtering [6] . Two fringe patterns were used for the evaluation. The first fringe pattern, which is optically acquired pattern [8] , was used, and then the pattern was reconstructed by the Fresnel approximation with a wave length λ = 632.8nm and a pixel pitch = 6.8μm [8] . The second fringe pattern with the size of 1024 × 1024 pixels was generated by applying the 1453 points cloud for a plane to Rayleigh-Sommerfeld Fraunhofer diffraction. Then, the patten was reconstructed by the Fresnel approximation with a wave length λ = 633nm and a pixel pitch = 10.4μm.
The comparative results with the optically acquired pattern are illustrated in Fig. 2 . The white-squared box, DC-noise, is appeared in Fig. 2(a) . In contrast, when the intensity average, referred to as DC-bias, was subtracted, DC-noise was suppressed as shown in Fig. 2(b) , but it produced an unclear image and remained a little DC-noise. Similarly, Applying the high-pass filter with the cutoff frequency D 0 = 81, which was selected for the best performance, resulted in DC-noise reduction (see Fig. 2(c) ), and it produced a clearer image than the intensity average subtraction method. However, the proposed scheme reconstructed a much clearer image than the compared existing algorithms as shown in Fig. 2(d) .
In order to evaluate the proposed method under complicated situation, a computer generated pattern were reconstructed as shown in Fig. 3 . In Fig. 3(a) , DC-noise is overlapped with an object image. As expected, the proposed method suppressed DC-noise and produced the clear result as shown in Fig. 3(c) . For better visual comparison, the dotted square regions of reconstructed digital holography images without and with the proposed method are magnified as shown in Fig. 3(b) and (d), respectively. In the overlapped region, DC-noise is suppressed by the proposed method, and the clear object image is reconstructed as shown in Fig. 3(d) .
V. CONCLUSION
A simple and effective scheme for reducing the DC-noise in a holographic fringe pattern was proposed by using a Laplace operation. In particular, the frequency characteristics of DCterm was analyzed, and numerical description was given to show that the proposed approach was appropriate to reduce the DC-noise in the assumption that the intensity distribution of reference and object waves is slowly varying. Applying the Laplace operation, DC-noise could be removed significantly while the real and twin image terms were preserved in the form of the weighted original terms. Additionally, the performance comparison was conducted versus the existing algorithms, which are generally used for DC-noise reduction in the digital holography, and it was verified that the proposed approach outperformed the compared algorithms. Therefore, we believe that the proposed scheme can be a useful tool for removing the DC-noise in the digital holography.
